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Second Quantization

This note is an introduction to the topic of “second quantization”, and hence to quantum “field
theory”. In the Electromagnetic Interactions note, we have already been exposed to these ideas in our
quantization of the electromagnetic field in terms of photons. We develop the concepts more generally
here, for both bosons and fermions. One of the uses of this new formalism is that it provides a powerful
structure for dealing with the symmetries of the states and operators for systems with many identical
particles.

Bosons

Suppose we have an n (identical) boson system, where all n bosons are in the lowest, ¢, level.
Denote this state by |n).

We assume that |n) is normalized: (n| n)=1. Since the particles are bosons, we can haven =0,1,2,...,
where |0) is the state with no particles (referred to as the “vacuum”).

We begin with the idea that emerged in our quantization of the electromagnetic field, and introduce
operators that add or remove particles from a system, similar to the changing of excitation quanta of a
harmonic oscillator.

Now define “annihilation” (or “destruction”) operators as in case of harmonic oscillator:

ag|n) = Vnln —1) (1)

i.e. the operator ay annihilates a single particle from the state |n) and produce a corresponding n — 1
particles state.
An equivalent adjoint operator called creation operator can be defined as

abln =1y = Vnln).

The operator ag acts on n — 1 particle state producing original state |1) Let us consider an operator N
such that
No = agao

Then,

5 +
No [n) = ayag In)

=ajVnln-1)
= Vnaj|n—1)
= Vnvn|n)
= nln)

Therefore, Ny is a Hermitian operator that counts the number of particles in state |n) and is called
number operator.
We may write the n-particle state in terms of the vacuum state by:

(ap)"
In) = —=10)| €)]
Vn!
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The operator ay and ag obey commutation relation:
[ao,ag] =1

Let us generalize the above definitions to a Boson state of the form, |ng, 11,1, - - ) Where n; represents
the occupation number for the boson state i.

al|"',1’ll,“'>=\/ﬁl|“ /nl_ll"'> (4)
ala]-|... SN, ,nj,...> = \/n_l\/n_]| ,nl_]_,...nj_ll...> (5)
The generalized commutation relations are:
[ﬂ]’, Ll;r] = 6]',1 (6)
[aj,al] = [a;,a” =0 7

Since Bosons can commute, operations of the type a'a’ | Mg M, > give the same result irrespec-
tive of the order of operators a:.f and a' which is not in case with fermions.
Consider two levels, ¢y and ¢1. Let |np, n11) be the state with #ny bosons in ¢y and #; bosons in ¢;. As

before, define,

aolno,m) = Anglng —1,m) (8)

aflno,my = o+ 1lng+1,m), ©)
and also,

alng,m) = nilng,m —1) (10)

a’{ |ng, m) = mmo, n +1). 1n

In addition to the earlier commutation relations, we have that the annihilation and creation operators
for different levels commute with each other:

0,  [a),am]=0 (12)

[610, al]

+
[ﬂo, al]

We can construct an arbitrary state from the vacuum by:

(ag)™ ()"

0; [af,al]=0 (13)

Ino, n1) = 10, 0) (14
no! Vnyp!
The total number operator is now
N =Ny +Ni =abag +alay (15)
so that
N |no, 1) = (ng + m1) Ino, n1) . (16)

We may generalize these results to spaces with an arbitrary number of single particle states. Thus, let
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no, 11, ...y be a vector in such a space. For the case of bosons, we have, in general:

[a;, ﬂ;] = 0bij, a7
|aia;] = laf,all=0, (18)
(@)™ (af)
|n0/ ny,. > : |0>/ (19)
1’11! 'Vno!
where |0) represents the vacuum state, with all n; = 0.
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