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Hartree-Fock Approximation
Hamiltonian for interacting electrons in a solid can be written in second quantized for as

Ĥe =
∑
ν,λ

〈ν| Ĥ1 |λ〉 a†νaλ +
1
2

∑
νλαβ

〈ν λ|
e2

r1 − r2

∣∣∣α β〉 a†νa
†

λaβaα (1)

Where, Ĥ1 =
p̂2

1
2m + v̂(r1) and α, β, ν, λ denote single-particle orbitals. The first term of equation (1)

represent one body problem which cab be solved by one creation annihilation operator pair, and the
second term represent two-body problem which can be solved by using two creation and two annihilation
operator pair.

Noninteracting Limit
In the noninteracting electron problem, all the momentum states up to Fermi level are doubly occu-

pied. Therefore we can represent the ground-state wave function for the filled Fermi sea as

∣∣∣ψ0
〉
=

∣∣∣p0 ↑, p0 ↓, · · · , pF ↑, pF ↓
〉
= a†p0↑

a†p0↓
· · · a†pF↑

a†pF↓
|0〉 (2)

We can compute the occupancy in the pth level by acting on the ground-state wave function with the
number operator n̂pσ for a momentum state p:

n̂pσ

∣∣∣ψ0
〉
= npσ

∣∣∣ψ0
〉

(3)

The expectation value of kinetic energy is given by

〈
T̂
〉
=

〈
ψ0

∣∣∣∑
p,σ

p2

2m
n̂pσ

∣∣∣ψ0
〉

=
〈
ψ0

∣∣∣ n̂pσ

∣∣∣ψ0
〉 pF∑

p=0

p2

2m

〈
T̂
〉
= 2

pF∑
p=0

p2

2m
(4)

pF∑
p=0

→
V

(2π)3

1
~3

∫ pF

0
4πp2 dp

Therefore,

〈
T̂
〉
= 2

V
(2π)3

1
~3

∫ pF

0
4πp2 dp

p2

2m
= 2

V
(2π)3

1
~3 4π

1
2m

∫ pF

0
p4 dp

= 2
V

(2π)3

1
~3 4π

1
2m

p5
F

5

=
3
5

p2
F

2m
N
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〈
T̂
〉
=

3
5

p2
F

2m
N (5)

where

N =
V

3π2

p3
F

~3 =
V

3π2 k3
F

The expectation value of the potential energy due to nuclei (ions) is evaluated by the expression of
the form 〈

ψ0

∣∣∣ a†pσap′σ

∣∣∣ψ0
〉

Since all the state with p < pF are full,

a†pσ
∣∣∣ψ0

〉
= 0; for p < pF

Similarly,

ap′σ

∣∣∣ψ0
〉
= 0; for p′ > pF

When a†pσap′σ acts on
∣∣∣ψ0

〉
, a new state is created that differs from ψ0 by at most two states. The

overlap of this state with
∣∣∣ψ0

〉
will be zero because of the orthogonality of the momentum eigenstates

unless p = p′, σ = σ′ Therefore, 〈
ψ0

∣∣∣ a†pσap′σ

∣∣∣ψ0
〉
= δpp′npσ (6)

As a consequence, 〈
V̂ion

〉
=

∑
p,σ

npσVion(0) (7)

where,

Vion(0) =
1
V

∫
Vion(r)dr (8)

And the final result is

〈
Ĥ1

〉
= 2

∑
p<pF

(
p2

2m
+ Vion(0)

)
(9)

In the position space it can be written as,

〈
Ĥ1

〉
=

∑
σ

∫ [
−
~2

2m
ψσ(r)∇2ψ†σ(r) + ψ†σ(r)Vion(r)ψσ(r)

]
dr (10)

=
∑
σ

∫ [
−
~2

2m

∣∣∣∇ψσ∣∣∣2 + n̂σ(r)Vion(r)
]

dr (11)
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Homework-04: Derive equation (5) from equation (4).
Hint: Use the relation

pF∑
p=0

→
V

(2π)3

1
~3

∫ pF

0
4πp2 dp

Homework-05: Derive equation (10) from equation (9).
Hint: Use the relation

a†pσ =
∫

ei p·r/~

√
V

ψ†σ(r) dr


