Modern Physics: .50, 24 year
UNIT®9 Reference Books:

Concepts of Modern Physics - Arthur Beiser

Modern Physics - Murugeshan R. and Sivaprasad K.
KAPIL ADHIKARI y 9 p

Figure 1: Thomson’s model of the atom: (a) A sphere of positive charge with electrons embedded in it so that the net
charge would normally be zero. The atom shown would have been phosphorus. (b) An a particle scattered by such an
atom would have a scattering angle 6 much smaller than 1°

The Nuclear Atom, Rutherford Scattering and it’s Conclusion.

Rutherford’s alpha particle scattering experiments showed that the entire positive charge in atom is
concentrated to very small region at centre. Rutherford arrived at a formula, describing the scattering of
alpha particles by thin foils on the bsis of his atomic model, that agreed with the experimental results.
The derivation of this formula both illustrates the application of fundamental physical laws in a novel
setting and introduces certain notions, such that of the cross section for an interaction, that are important
in many other aspects of modern physics.

Rutherford began by assuming that the alpha particle and the nucleus it interacts with are both small
enough to be considered as point masses and charges; that the electrostatic repulsive force between alpha
particle and nucleus (which are both positively charged) is the only one acting; and that the nucleus is
so massive compared with the alpha particle that it does not move during their interaction. Owing to
the variation of the electrostatic force with 1/72, where r is the instantaneous separation between alpha
particle and nucleus, the alpha particle’s path is a hyperbola with the nucleus at the outer focus. The
impact parameter b is the minimum distance to which the alpha particle would approach the nucleus
if there were no force between them, and the scattering angle 6 is the angle between the asymptotic
direction of approach of the alpha particle and asymptotic direction in which it recedes.
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Figure 2: Geometrical relationships in Rutherford scattering
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Figure 3: Impact parameter and scattering angle.
As a result of the impulse f F dt

given it by the nucleus, the momen-

tum of the alpha particle changes by

Ap from the initial value p; to the fi-

nal value p,.

rsin @

A}:p‘ﬁ—p’i:fﬁdt (D

Because the nucleus remains sta-
tionary during the passage of the al-
pha particle, the alpha-particle ki-
netic energy remains constant; hence
the magnitude of its momentum also
remains constant,

(ZHT sin 9)1‘0!64 —

Figure 4: Geometrical relationships in Rutherford scattering
p1 =p2=mo

Here v is the alpha-particle velocity far from the nucleus. From figure we see that, according to the law
of sines,

Ap Mo

sin@  gin (nT—G)

Ap mv
ZSin(g) cos (g) cos (%’)

Ap = 2mo sin(g) 2)

. = . . . . . . .
Because the impulse f F dt is in the same direction as the momentum change Ap, its magnitude is,

detsz cos ¢ dt 3

where ¢ is the instantaneous angle between F and Ap along the path of the alpha particle. Inserting
equation (2) and (3) in equation (1),

2mv sinng F cos ¢ dt
2 0

To change the variable on the right-hand side from f to ¢, we note that the limits of integration will
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change to —%(n —0) and +%(7‘c — 0), corresponding to ¢ at t = 0 and f = oo respectively, and so,

o [0 dt
2mv sin 5 = f F cos qb@ do 4

1(rn-0)
The quantity Z—q; is just the angular velocity w of the alpha particle about the nucleus.. The electrostatic

force exerted by the nucleus on the alpha particle acts along the radius vector joining them, and so there
is no torque on the alpha particle and its angular momentum mawr? is constant. Hence,

mwr? = constant

d¢
_ 2%
=mr—
= mob
from which we see that
@ _r
dp b
Substituting this expression for df/d¢ in equation (4),
0 +1(n-0)
2mv*bsin 5= f Fr*cos¢ do (5)
-1(n-0)

As we recall, F is the electrostatic force exerted by the nucleus on the alpha particle. The charge on the
nucleus is Ze, corresponding to the atomic number Z, and that on the alpha particle is 2e. Therefore,

1 2z
T 4mey 12

and

dnegmv®b . O +3(1-0)
Aneomo’h o f

702 = cosp dop

%(TL—Q)

0
=9 =
C052

The scattering angle 0 is related to the impact parameter b by the equation

0  2megmv?

cot 7 — 2 b
It is more convenient to specify the alpha-particle kinetic energy T(= %mvz),
0 47'[60 T
cot 5 = 7o b (6)

This is the relation between scattering angle and impact parameter.



Modern Physics:
UNITO9

KAPIL ADHIKARI

Rutherford Scattering Formula

B.Sc. 2 year

Reference Books:
Concepts of Modern Physics - Arthur Beiser
Modern Physics - Murugeshan R. and Sivaprasad K.

All alpha particles approaching a target nucleus with an impact parameter from 0 to b will be scattered
through an angle of 6 or more. This means that an alpha particle that is initially directed anywhere
withing the area 7tb? around a nucleus will be scattered through O or more; the area mb? is called the
cross section for the interaction. The general symbol for cross section is ¢.

o = nib?

(7)

Now we consider a foil of thickness ¢ that contains # atoms per unit volume. An alpha-particle beam
incident upon an area A therefore encounters ntA nuclei. The aggregate cross section for scatterings of

6 or more is the number of target nuclei ntAc.

Hence the fraction f of incident alpha particles scattered by 0 or more is,

alpha particles scattered by 6 or more

aggregate cross section _ ntAc

incident alpha particles

target area

Substituting for b from equation (6),

2
fznnt( Ze

2
4neoT) 2

1 - ntrb?

0
cot? =

©))

In the above calculation it was assumed that the foil is sufficiently thin so that the cross sections of
adjacent nuclei do not overlap and that a scattered alpha particle receives its entire deflection from an

encounter with a single nucleus.

If a total of N; alpha particles strike the foil during the course of the experiment, the number scattered

into dO is N; df.

The number N(0) per unit area striking the screen at 0 is

N; |df]
N(6) = s
From equation (8), )
Ze? 0 ,0
af = nnt(4n€OT) cotz csc o do
And,
. . 0 C)
ds = 2nr sin0 rd0@ = 4mr? sin > cos >
Therefore,

N; ﬂﬂf(
N(O) =

47‘!60T

2
2
Ze ) Cotg csc2§ de

4mr2 sing cosg de

NintZ?e

N(©) =

(8mep)? 12 T2 sint (g)

9)

Equation (9) is the Rutherford scattering formula.
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Electron Orbits

The Rutherford model of the atom, so convincingly confirmed by experiment, postulates a tiny, massive,
positively charged nucleus surrounded at a relatively great distance by enough electrons to render the
atom, as a whole, electrically neutral. Thomson visualized the electrons in his model atom as embedded
in the positively charged matter that fills it, and thus as being unable to move. The electrons in Ruther-
ford’s model atom, however, cannot be stationary, because there is nothing that can keep them in place
against the electrostatic force attracting them to the nucleus. If the electrons are in motion around the
nucleus, however, dynamically stable orbits are possible.

Consider an electron of charge —e moving in a circular orbit of radius r around a positively charged
nucleus having charge +e. Then the centripetal force holding the electron in the orbit is provided by
electrostatic force.

mo? 1 € e
— == 5 = — (10)
r 4reg 12 Vareymr
The total energy E of the electron in a hydrogen atom is the sum of its kinetic energy and its potential
energy
KE(T) = 2m® and PE(V)=— ¢
2 T dmeyr
Hence,
mo? e
Total E E)=T+V=—-
otal Energy(E) > Treor
Substituting for v,
é é? e
8megr  4meyr 8megr an

The total energy of an atomic electron is negative; this is necessary if it is to be bound to the nucleus. If
E were greater than zero, the electron would have too much energy to remain in a closed orbit about the
nucleus.

Experiments indicate that 13.6eV is required to separate a hydrogen atom into a proton and an
electron; that is, its binding energy E is —13.6eV. Using this value of energy we can estimate orbital
radius of electron in hydrogen atom.

2
e

=— =53x1071!
r SreoE =|r m

The atomic radius of this order of magnitude agrees with estimates made in other ways too.

Few points to be noted:

1. The above analysis is straightforward application of Newton’s law of motion and Coulomb’s law of
electric force -both from classical physics - and is in accord with the experimental observation that
atoms are stable.

2. However, it is not in accord with electromagnetic theory-another pillar of classical physics- which
predicts that accelerated electric charges radiate energy in the form of electromagnetic waves.

3. An electron pursuing a curved path is accelerated and therefore should continuously lose energy,

rapidly spiraling into the nucleus. Whenever they have been directly tested, the predictions of

electromagnetic theory have always agreed with experiment.

Yet the atoms do not collapse.

This contradiction can mean only one thing: The laws of physics that are valid in the macroscopic

world do not hold true in the microscopic world of the atom.

S
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Bohr Atom
Bohr’s Postulates
Postulate 1 An electron cannot revolve round

the nucleus in all possible orbits as suggested by -
classical theory. The electron can revolve round
the nucleus only in those allowed or permissible “ if

orbits for which the angular momentum of the
electrons is an integral multiple of %, where h
is Planck’s constant.

If m is the mass of electron and v is velocity
of the electron in an orbit of radius r, then,

Angular momentum(L) = mor = n% =nh

where 7 is an integer and can take values n =
1,2,3,4,... It is called principal quantum num-
ber. This equation is called Bohr’s quantization
condition.

Figure 5: Bohr’s atom

Postulate 2 When electron revolves in permitted orbits they do not radiate energy. An atom radiates
energy only when an electron jumps from a higher energy state to the lower energy state and the energy
is absorbed, when it jumps from lower to higher energy orbit.

If E,, and E,, are energies associated with first and second orbits respectively, then the frequency v
of the radiation emitted is given by

This is called Bohr’s frequency condition.

Bohr’s Theory of Hydrogen Atom

Bohr assumed that a hydrogen atom consists of a nucleus with one unit positive charge +¢ (i.e. a pro-
ton)and a single electron of charge —e, revolving around it in a circular orbit of radius r. The electrostatic

force of attraction between the proton and the electron is given by
1 &
_ € 12
471 12 (12)

If m and v are mass and velocity of the electron in the orbit, then the centripetal force required by the
electron to move in circular orbit of radius r is given by
2
mo

F=— (13)

T
The electrostatic force of attraction between the electron and the nucleus provides the necessary cen-
tripetal force. Therefore,

2 2
mo 1 e
- — 14
r 47eg 12 (14)
According to Bohr’s first postulate,
mor = n—

27
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h
v=— (15)
2ntrm
2 n*h?
= —/—m—
412r2m?
substituting this value ofv? in equation (3), we get
m( n?h* \_ 1 €
r \4m2r2m?2 | ~ 4mep 12
2h2
r=22 (16)
TUme
Radius of the n'" permissible orbit for hydrogen is given by
2h2
= (17)
TUme

Asn =1,2,3,... it follows from equation (6) that the radii of the stationary orbits are proportional to 7.

Bohr Radius
The radius of the innermost orbit in hydrogen atom is called Bohr’s radius and is denoted by a,0.
Forn=1,
€0h2
Y =4ap = >
TUme
Substituting the known values of €y, i, m, and e, we get,

ap = 0.529A

ra = 0529 x n? A (18)
1A =10""m
Velocity of the Electron

The velocity of the electron in the n'" orbit, v, is given by

_ nh
T 2mr,m

Un

Substituting the value of r,, from equation (6) we get,

nh ( Time? )
Uy -

~ 2mm \ egn2h?

62

(I
2eonh
Therefore v, o 1, the electrons closer to the nuclets move with higher velocity than lying farther.

(19)

Energy of the Electron in n'" orbit
As electron is revolving round the nucleus, it has kinetic energy.

1
KE. = Emvi
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And,
1 ee

47’[60 r2
Therefore, total energy of the electron in the n™* orbit is

PE. =

E,=KE.+PE.

1 1 ee
E, = zmv;
n= Mo 4mey r2

Substituting values of r,, and v, from (6) and (8), we get,

me*

En= _865712;12 (20)

Bohrs Interpretation of the Hydrogen Spectrum
If an electron jumps from an outer orbit n, of higher energy level to an inner orbit n; of lower energy
level, the energy of photon of the radiation emitted is given by,

hv=E,, —E,

where E,, and E,, are energies of the electron in the stationary orbits then

4 4

me
86 nzh2

me
86 n2h2

therefore, the energy of photon emitted is given by

hv—(— e’ ]— - et ) = hv—ﬂ(l—l]
8€Sn§h2 8667’1%]’12 8e2h?2 n% n3

E, = and E,, =

Therefore,
me* ( 1 1 ]
=——|=-= 2D
2 2 2
8egh3 \ny  n3
Wavenumber(v): Reciprocal of wavelength of radiation is called wavenumber. i.e. v = %
_ 1 f
i
Therefore,
povo me (1 1
¢ 8exch’(n? n3
— 1 1
v=R [—2 — —2] (22)
o

where R = % 2 h3 known as Rydberg’s constant. The value of Rydberg’s constant is 1.097 x 107m~

Spectral Series of Hydrogen Atom

When an electron jumps from the higher energy state to the lower energy state, the difference of energies
of two states is emitted as a radiation of definite frequency. It is called spectral line. The spectral lines
are divided into a number of series.
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1. Lyman Series The spectral lines of this se-
ries correspond to the transition of an electron
from some higher energy state to the inner-
most orbit (n = 1). Therefore, for Lyman series
ny = 1 and ny = 2,3,4,5, .....

2. Balmer Series The spectral lines of this se-
ries correspond to the transition of an electron
from some higher energy state to the orbit hav-
ing n = 2. Therefore, for Balmer series n; = 2
and n, = 3,4,5,6....

3. Paschen Series The spectral lines of this se-
ries correspond to the transition of an electron
from some higher energy state to the orbit hav-
ing n = 3. Therefore, for Paschen series n; = 3
and n, =4,5,6,7....

4. Brackett Series The spectral lines of this se-
ries correspond to the transition of an electron
from some higher energy state to the orbit hav-
ing n = 4. Therefore, for Brackett series n; = 4
and n, =5,6,7,8....

5. P-fund Series The spectral lines of this series
correspond to the transition of an electron from
some higher energy state to the orbit having n =
5. Therefore, for P-fund series n; =5 and n, = 6,7,8, ....

Limitations of Bohrs Theory of Hydrogen Atom

B.Sc. 2 year

Reference Books:
Concepts of Modern Physics - Arthur Beiser
Modern Physics - Murugeshan R. and Sivaprasad K.

Balmer series

aschen series

P
n==6

Figure 6: Spectral series of Hydrogen atom

1. Elliptical orbits are possible for the electron orbits, but Bohrs theory does not tell us why only

elliptical orbits are possible.

2. Bohrs theory does explain the spectra of only simple atoms like hydrogen but fails to explain the

spectra of multi-electron atoms.

ik w

The fine structure of certain spectral lines of hydrogen could not be explained by Bohrs theory.
It does not explain the relative intensities of spectral lines.
This theory does not account for the wave nature of electrons.
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Franck-Hertz Experiment

The existence of discrete energy levels in atoms
was demonstrated directly by James Franck and Filament (F Grid (G)  Plate (P
Gustav Hertz in 1914.

A schematic of the experimental set-up is @',3 : \\I —
shown in Figure. The essential part of the ap- I " vapr | L)
paratus consists of a tube containing vapor of §
the element under study. The tube contains ‘ ‘
three electrodes: a filament (F) that provides Q
electrons when heated, a plate (P), and a grid
(G). A grid is a charged screen that can at- ‘
tract or repel electrons but, because most of it ‘ﬁ*ﬁr/
is open space, the majority of the electrons pass
through it. A variable accelerating voltage V| is
applied between the filament and the grid. As
a consequence of this potential difference, the
electrons will reach the grid (in the absence of
collisions) with a kinetic energy E; = eV,. After
reaching the grid the majority of these electrons will go through the holes in the grid, be collected by
the plate P, and contribute to the plate current i, which can be measured by the ammeter A. A small,
constant retarding voltage V,(~ 1V) is applied between the plate and the grid. If V, > V), the electrons
will be turned back before they can reach the plate and they will not contribute to the current measured
by A. But even if V, < V, the electrons will not be able to reach the plate if they lose enough kinetic
energy through collisions with the atoms in the tube as they travel between the filament and the grid.

In the absence of any vapor, that is, a vac-
uum, the i— V) characteristics are those of a typ-
ical vacuum tube. This dependence is shown by
the dashed line of Figure 2. If vapor of some el-
ement is present in the tube, one observes a se-
ries of fairly sudden dips superimposed on the
monotonic vacuum curve. The solid curve in
Figure 2 shows this effect for the case where
mercury vapor is present in the tube.

The fact that there is no drop in the cur-
rent until certain voltage is reached (Vy = 4.9V
in this case) indicates that the electrons do not
lose energy through collisions until they have a
particular value of kinetic energy (4.9¢V in this
case).

If the gas atoms in the tube can have a con-
tinuous distribution of internal energy states,
the transfer of kinetic energy from the bom-
barding electrons to the atoms could and should
occur regardless of the energy of the electrons,
that is, the drop in the current should occur for any value of V. The fact that the drop occurs only when
Vo = 4.9V (and therefore the E; of the electrons is 4.9¢V) indicates that the first excited state of the gas
atom used in the tube is 4.9¢V above the ground state. As V) increases beyond the 4.9V, the current
begins to increase again because, although the electrons can and do collide inelastically and lose 4.9¢V
of energy, they still have enough energy remaining to overcome the small retarding voltage V,. When
Vo =2%x4.9V or 3x4.9V, or so on, dips in the current occur again because now the electrons can undergo
two, three, or more inelastic collisions with the gas atom; in each collision they lose 4.9¢V.

Figure 7: Schematic of the apparatus used in the
Franck-Hertz experiment to show the quantization
of the internal energy of atoms.

4.9 9.8 14.7

Vo (VOItS) m——t

Figure 8: Dependence of the plate current i (mea-
sured by the ammeter A in the apparatus of Figure
1) on the accelerating voltage V.
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This interpretation is corroborated by the = 0eV
electromagnetic radiation emitted by Hg atoms. . =
There should be a spectral line whose frequency — e
is given by hv = 4.9¢V or A = 2530A. Such -3.7 eV
a wavelength is found in the spectrum of Hg.
An energy diagram for Hg is shown in Fig- E
ure 3. The energy difference AE between the AE = 4.9 eV
first excited state and the ground state is AE =
10.4eV — 5.5eV = 4.9¢V. ' -10.4 eV

Bohr’s Correspondence Principle Figure 9: Atomic energy levels of a mercury atom

The principles of quantum physics, so differ-

ent from those of classical physics in the micro-

scopic world that lies beyond the reach of our

senses. Nevertheless, the quantum physics should yield results identical with those of classical physics in
the domain where experiment indicates that the classical physics is valid.

According to electromagnetic theory an electron moving in a circular orbit radiates electromagnetic
waves whose frequencies are equal to its frequency of revolution and to harmonics of that frequency. In
a hydrogen atom the electron’s speed is

e

Vamneymr

Hence the frequency of revolution f of the electron is,

0=

electron speed

" orbit circumference
v

T 2nr
B e

- 27 \JAdnegmrd

The radius r of a stable orbit is given in terms of its quantum number 7 by,

f

n2h2e
n =

Time?

and so the frequency of revolution is,

f me” (E) (23)

8egh3 n3

The energy of photon emitted when an electron jumps from #n, orbit to #; orbit is given by

Lomt (11
_8(—:Sh3 n% n3

Ifny=nandn, =n-1

somet (11
82 \(n-12  n?

_omet (P —(m-1*\ me* (n2-n?+2n-1\  me* [ 2n-1
8e2n3 | n2(n— 1) S 8e2m3\ nP(n—1) 8e2n3 \n?(n —1)?
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For very large n, (2n — 1) = 2n, and n — 1 =~ n. Therefore,

) <[

VR —— —
8e2h3 \n* 8e2h3 \n?

Equation (24) is identical to equation (23). This shows that the quantum theory agrees with classical
theory in the limit of large quantum numbers. This verifies Bohr’s correspondence principle.

Sommerfeld Atomic Model

To explain the observed fine structure of spectral lines, Sommerfeld proposed an atom model. The
assumption of this atomic model are:-
1. The path of electron around the nucleus of an atom is general eliptical. The circular orbit of Bohr’s
theory are special case of elliptical orbit.
2. While revolving in elliptical orbit there is variation of speed of electron due to which there is
relativistic variation in the most of electron.

Elliptical orbit of Hydrogen atom

Consider (r, ¢) be the instantaneous position of
electron with respect to nucleus being at one of
the foci of ellipse. The quantization condition
associated with two coordinate r and ¢ are.

where,
ps = angular ndlgmentum associated with
change in ¢ = mr* % Figure 10: Elliptical Orbit of Electron

ne = angular or Azimuthal quantum number

P, = radial momentum m%
n, = radial quantum number

The principle quantum number is related with n,, and n, as

Evalution of f pedy = nyh

56 Pode =neh = pe 95 dy =ngh [ py is constant, being angular moment in central force ]

ﬂ(Ph
2¢~p¢=n¢h :p‘i):ﬂ ......... (4)
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Evalution of f prdr = n.h
& R
2
- m(?—;) (o

= (%5_;)2 Pl (5)

We have from polar equation of ellipse,

1 1+e€cos¢

i S (6)

r a(l-€2)

where, 1 =semi-major axis, € = ecentricity
Taking log on both side

—logr =log(1l + € cos ¢) — log[a(1l — ez)]

Differentiating with respect to ¢, we get,

—d(logr) dr _dlog(l+ecos¢ d(1+e€cosdp)

dr dp ~ d(1+ecos¢p) de
-1 dr 1 )
T 36" Grecosg (0esing)
1dr  esing
;% = m ......... ?)
From (5) and (7),
_( esing
Prdr = (1 +ecosqb) Pod®
2” €esin 2
‘qu, dr = f 1 +eco¢;q5 Podp-eeneen (8)
Lot - 2T e2sin’ g 9
et, I= \fo m FIORRERERPRS )
We have,
dluv] = udv +vdu = udv =dluv]l—vdu = fu.dv = [uv] — fvdu --------- (10)
put,

esin ¢pde 3 1

esing =u, ecos¢pdp=du and dv= (1+ € cos )2 =0U= 1+ecos¢
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Substituting above equation in (10)

I:fohesincp~ esin.d¢ :[ esin¢g ]zn_fozn € cos pd¢p

(1+cos¢p)> L[1+ecoso 1+ecos¢
27
=_f €cos P dé
o l+ecoso
2 X ,
_ [T[-(L+ecos) 1 N 1 .
_L 1+ecosg +1+€C05¢]d¢ _jo‘ m‘cﬂb—fo [ R (11)

b _ _on
l+ecosp — 1—e2’

Using the value of standard integral J:n

L 2n U (12)

V1 —€?

21
V1 -¢€?
Substituting equation (12) and (9) in (8)

27
Ay = (—1 - 27'() =nh
Prr=pl 7

n¢h 1
Sgprdr = — ~27'c(—l - 1) =nh
2n (1-€2)2

I=

e
—(1 - 62)% =N + n,
7’l¢ n
m =n [frorn eq (3)]
— €4)2
g . ni 12
—=(1-€): = —=(1-¢€)== [forandellipse b*=a*(1-¢€?)]
n n2 a2
Ng b
= (13)

Equation (13) determines the shape and number of allow electronic orbit. The allowed elliptical orbits
are those for which the ratio of major and minor axes is that of two integers.

Few points to be noted:

1. When ny, = 0 = b = 0, the path of
electronic orbit straight line is passing ng =1
through nucleus. But electron doesn’t
pass through nucleus (1 # 0).

2. Since b and a are always positive 7, can
not be negative.

3. Sinceb <a=ny <n. Whenb =a =
ny = n, the path of electronic orbit is cir-
cular. When b < a = ny < n, the path of
electronic orbit is eliptical.

(@) Whenn = 1 = ns; = 1. The orbit
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is circular n, = 0. This is the case of
Bohr’s theory.
(b) When n =2 = ny = 2 Two orbits are
possible.
i.n=2ny=2=a=>bOrbitis
circular
i.n=2,n,=1=>b<a=b=73
Orbit is elliptical
(¢) When n =3, ny = 3,2,1 Three possi-
ble orbits.
i. n=3,n4 =3 = b=a Orbit circular
ii. n=3,ny,=2= b= 2a Orbit is elliptical.
ili. n=3,ny =1= b= 3a Orbit is elliptical.

Usually the allowed orbits are described by giving values of n and ny. The value of azimuthal quantum
number 7y is described by letters s, p, d, f, etc. In this notation, the orbit determined by n = 3 and n, = 1
is represented by 3s. Similarly, 4d will represent the orbit n = 4 and n,, = 3.

Total Energy

Total energy of a single electron in an orbit is given by

E, = KE.+PE.
1 [(dr\> [ doy? 1 Zeé?
@) ) e T @
As we know,
_dr __dr _pr 3 ,d} do _ Po
Prema =g T A po=mros = ar=s @
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Therefore,

2
Py

E,=KE.+PE. = ——————
" 2m a2(1 — €2)?

[1 +é +2€cosqb] -

1+ ecos
1 Zez( (73)

4mey a(l—e€?)

2
P 1 1 ze*(1 + ecosd)
= (1+62+2 - :
" 2ma2(1 - e2)? (1+ € +2ecosq) drieg a(l—e€?)
B TN S W A —"
" 2ma2(1 - €22 4mepa(l - €2) ma2(1 —e2)?2  4me, a(l — €2)

Due to presence of cos ¢ in the expression of total energy, total energy becomes variable. However,
according to conservation of energy total energy should be constant. Therefore, the coefficient of cos ¢
must be zero.

2

Po€ ze%e 0 € [ Po 2z ] _
ma2(1 — €22 4me.a(l —e2) a(l —e2)lma(l —€2) 4me,]
| LR |- R s ©)
ma(l —€2) 4me,| ma(l —€2)  4mep
Yld)h 2
pé 4meg (E) 4meg e 1
- Zerm(1 — €2) “= 1y \? [ o (1 62)5]
Ze*m (f)
n2h2e
= [ZE=0) 7
“ (ane2 @)
Therefore,
3 [ pé(l +€?) Ze? ] 3 pé 1+¢€? Ze?
" 2ma2(1 - €22 4meoa(l —€2)l T ma(l —€2)2a(1 - €2)  4me.a(l - €2)
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Ze?  1+¢° Zé? Pé 702
= p— :.. — f 't 6
" dmeg 2a(1 - €2)  4meoa(l — €2) ma(l—e?)  4meg (from equaiton (6))

3 Ze? (1 +e? 1)
" 4mega(l —e2)\ 2

3 Ze? €2 -1
" 4nega(l —€e2)\ 2

=7 _ —Z¢* mmZe?
" 4meg2a "~ 8mey n2h%e
—me*Z2
y = s | (8)

Thus, Non-relativistic Sommerfeld atomic model gives the same energy as in Bohr’s theory. This
means that the theory of elliptical orbits introduces no new energy levels, other than those given by
Bohr’s theory of circular orbits. No new spectral lines, which would explain the fine structure, are to be
expected because of this multiplicity of orbits.

Sommerfeld proceeded further to find the solution on the basis of variation of the mass of the electron
with velocity.

Sommerfeld’s relativistic correction
Sommerfeld pointed out that origin of the fine structure of the spectral lines of the hydrogen like atoms
was due to the relativistic variation of the mass of the electron. It is apparent that the velocity of electron
in an atom is comparable to the velocity of light and therefore, relativistic effects are significant.
According to the theory of relativity, the mass of particle m moving with a velocity v is related to its
rest mass is given by
Mo

-2
2

Applying relativistic effect in the Sommerfeld atomic model, the energy of electron is calculated to be,
—me*7? Z*%(n 3
E. = 1 A | P 9
" 8eZn2h? [ T (nq, 4)] ©)
Where a = 5%

5= = 13701 @ IS equal to the ratio of velocity of the electron in the first Bohr orbit Hydrogen
to the velocity of light c. It is called fine structure constant. The first term in equation (9) is the energy
of the electron in the orbit with the principal quantum number #n. The second term is the Sommerfeld
relativistic correction. This term shows that the energy does depend on the azimuthal quantum number
ne. This results in a splitting of the energy levels of the atom.

Sommerfeld’s relativistic calculation based on the Bohr model agrees with the experimental measure-
ments of fine structure for hydrogen, but the agreement turned out to be accidental since this calculation
predicts fewer lines than are seen for other atoms.

m =




